We present theoretical expressions for the density, strain rate, and shear pressure profiles in strongly inhomogeneous fluids undergoing steady shear flow with periodic boundary conditions. The expressions that we obtain take the form of truncated functional expansions. In these functional expansions, the independent variables are the spatially sinusoidal longitudinal and transverse forces that we apply in nonequilibrium molecular-dynamics simulations. The longitudinal force produces strong density inhomogeneity, and the transverse force produces sinusoidal shear. The functional expansions define new material properties, the response functions, which characterize the system's nonlocal response to the longitudinal force and the transverse force. We find that the sinusoidal longitudinal force, which is mainly responsible for the generation of density inhomogeneity, also modulates the strain rate and shear pressure profiles. Likewise, we find that the sinusoidal transverse force, which is mainly responsible for the generation of sinusoidal shear flow, can also modify the density. These cross couplings between density inhomogeneity and shear flow are also characterized by nonlocal response functions. We conduct nonequilibrium molecular-dynamics simulations to calculate all of the response functions needed to describe the response of the system for weak shear flow in the presence of strong density inhomogeneity up to the third order in the functional expansion. The response functions are then substituted directly into the truncated functional expansions and used to predict the density, velocity, and shear pressure profiles. The results are compared to the directly evaluated profiles from molecular-dynamics simulations, and we find that the predicted profiles from the truncated functional expansions are in excellent agreement with the directly computed density, velocity, and shear pressure profiles.
I. INTRODUCTION
The flow of a highly confined viscous fluid can be substantially different from a macroscopic flow if the fluid has been confined to such a narrow channel that it is no longer homogeneous. The density variations that develop in a confined fluid due to fluid structuring near the walls typically have an amplitude that is a significant fraction of the average density and a period that is comparable to the intermolecular distance [1, 2] . These strong density variations can extend up to about five molecular diameters from each wall, inducing variations in the velocity profile with features on a similar length scale to the density variations. This means that for channel widths less than about 10 molecular diameters, the velocity profile across the entire channel width is affected by the presence of the walls. It is now well established that when the strain rate varies on a length scale similar to the intermolecular correlation length, the fluid's response to shear flow becomes nonlocal [3, 4] . This is the case even for simple fluids under typical liquid conditions. Therefore, a purely local treatment of the thermodynamic and transport properties of a highly confined liquid is unlikely to be successful. Yet, it remains of great practical importance to have a continuum description of highly confined fluid flow that accounts for nonlocality and is formulated as a natural extension of the usual hydrodynamic description of fluids.
The first attempt to account for the nonlocal effects of strong density variations on flows of confined fluids was the local average density model (LADM) introduced by Bitsanis et al. [5] . The LADM introduces a viscosity that depends nonlocally on the density but is independent of the strain rate, which is then used to define a constitutive equation for the shear pressure that depends locally on the strain rate. The LADM represents a considerable improvement over the fully local model, but it still fails to describe some features of the velocity profiles that have been observed in molecular-dynamics simulations of confined fluid flow [6, 7] . Hoang and Galliero [8, 9] have recently investigated the effect of density inhomogeneity on shear flow by combining simple planar shear with a sinusoidally varying potential (SVP) to create density inhomogeneities. They compared the performance of different weight functions used to calculate the weighted average density in the LADM, and they also evaluated the performance of the LADM at different values of the average density. They concluded that the usual LADM performed poorly at low average density, and for short wavelength density perturbations.
A more general formulation of the nonlocal relations between shear pressure, strain rate, and density in highly confined fluids is clearly required to address the deficiencies of the LADM and to allow fully for nonlocal dependence of the shear pressure on the density and the strain rate.
Nonlocal relationships have long been used in the theory of equilibrium inhomogeneous fluids where they underlie classical density-functional theory. In these nonlocal relationships, the free energy of the system is usually expressed as a functional of the density. Alternatively, the density can be expressed as a functional of an external potential. In this case, the nonlocal kernels governing the density response can be studied by observing the response of the fluid to an appropriately formulated external force. A sinusoidal longitudinal force (SLF) is ideal for this purpose, because the wavelength and amplitude of the external field can be independently and systematically varied. This is the same as the sinusoidally varying potential (SVP) employed by Hoang and Galliero [8, 9] , but we refer to it as a force, for consistency with the sinusoidal transverse force (STF) method. By performing a Fourier analysis of the fluid's response to the SLF, we can determine the response functions and then reconstruct the response to any external field. We have recently used this method to determine the density response functions for an inhomogeneous fluid at equilibrium [2] . These response functions can in principle be used to describe the effect of confinement if it is assumed that the presence of walls is equivalent to an effective external field that alters the fluid density. From the practical point of view, it is much more convenient to consider an initially homogeneous system subjected to a sinusoidal external field than it is to study a fluid confined between real walls, because the wavelength and the amplitude of the external field are so easily controlled.
In a recent paper, we extended this method by combining the SLF with a sinusoidal transverse force (STF) to generate shear flow in an inhomogeneous fluid [7] . The STF method is well known as a method for studying the wave-vector-dependent viscosity, which is the Fourier transform of the spatial viscosity kernel [3, 10, 11] . The extreme flexibility of this technique allowed us to independently vary the wavelength, amplitude, and phase of the two fields and determine the response of the fluid in each case. We were also able to Fourier synthesize density profiles resembling the density profiles of highly confined fluids and observe the flow under conditions similar to extreme confinement, but without employing explicit walls. We studied the density, velocity, and pressure profiles of fluids subjected simultaneously to SLF and STF fields, but we did not propose constitutive relations defining the response functions for these quantities.
In this paper, we present a systematic method that allows us to evaluate a fluid's density, velocity, and shear pressure response functions and use them to predict the density, velocity, and shear pressure profiles under conditions similar to extreme confinement. To do this, we simultaneously subject the fluid to an SLF and an STF. The primary purpose of the STF is to produce shear flow. It is applied in the direction of the flow and varies in the direction perpendicular to the flow. The SLF is used to produce density inhomogeneities. It is applied in the direction perpendicular to the flow and also varies in the direction perpendicular to the flow. A schematic representation of the forces is shown in Fig. 1 .
We expect the fluid's response to these external forces to be nonlocal. This means that the density and the strain rate of a fluid are not simply proportional to a certain power of the external force. Instead, they are represented as convolution integrals with nonlocal kernels, which are the response functions. Evaluating and analyzing these response functions is a central objective of this paper. These functions are properties of the fluid, and after they have been calculated they can be used to predict density, strain rate, and shear pressure profiles. The paper is organized as follows. In Sec. II we introduce the response functions. This is done in coordinate space. For the STF and SLF methods, it is more convenient to perform the analysis in Fourier space. In Sec. II we obtain the expressions for the Fourier components of the density, strain rate, and the shear pressure in terms of the external forces. In Sec. III we discuss the details of the molecular simulations used to calculate and test the response functions. We discuss the details of how the response functions were calculated from the simulation data in Sec. IV. Next, in Sec. V we present the results for the calculated response functions. We then investigate whether the calculated response functions can be used to predict the flow profiles in Sec. VI. We will see that for moderate force strengths, it is sufficient to know only the second-order density response and shear pressure response and the third-order strain rate response. In the final section, we present our conclusions.
II. RESPONSE TO EXTERNAL FORCE
Consider a two-dimensional system with the x axis directed along the flow and the y axis directed perpendicular to the flow. We apply a sinusoidal transverse force (STF) and a sinusoidal longitudinal force (SLF), both of which are functions of y only. The shear-inducing STF F x (y) is applied in the x direction. It is a nonconservative force in the sense that it cannot be associated with a potential. The density inhomogeneity-inducing SLF F y (y) is applied in the y direction. It is a conservative force, and it can be written as the gradient of a potential. No force is applied in the z direction. We will write the total force as a 062132-2 two-component vector that is a function of y:
Note that F(y) should strictly be called the specific force, since it is the force per unit mass. However, because the masses of all particles in our simulations are equal to 1 (in reduced units), this distinction is unnecessary here. The steady-state density, strain rate, and shear pressure are in general time-independent functionals of the external field:
, and [F x (y); F y (y)]. We are interested in the variation of these properties about the homogeneous, equilibrium state. The variations in the force components are about the zero forces, and so we can write the force variations as δF
A. Density response
We begin with the expansion of the density about the homogeneous state. We will use this expansion to identify a set of nonlinear and nonlocal density response functions that are unique for a fluid. The functional expansion of the density for variations in the external field is given by
where the response functions are the functional derivatives
The superscript n indicates n primes, and all α's can be either x or y. The essential feature of a nonlocal response is that the quantity of interest, in this case the density, at some position y depends on the force applied to the fluid not just at point y, but also at all other points, with a weighting that depends on the distance from y. This weighting is determined by the response function.
We assume that the unperturbed fluid is translationally invariant. This reduces the number of arguments for the response functions, so they depend only on the relative but not the absolute position: χ
The response functions obey certain symmetries. A coordinate inversion will change the sign of F x (y) but not the sign of the density. The dependence of the density on F x must therefore be of an even order. This means that all odd contributions of F x to the density must be zero, and we can write
We know that thermal expansion and normal pressure differences due to shear may induce density inhomogeneities [7, 12] . The shear-induced density inhomogeneity is due to the even-order contributions of F x (y). The minimal order of response is determined by the second-order response function χ (2) xx . By truncating the functional expansion after the second order, we obtain a tractable expression for the density that will account for the main features of the density profile for a fluid in a highly inhomogeneous, shearing steady state, generated by a combination of a weak STF and a moderately strong SLF. This expression, which accounts for both the compression of the fluid by the SLF and the shear-induced density change due to the STF, is given by
We will later see that when both sides of this equation are expressed as Fourier series, we can determine the Fourier coefficients of the response functions by equating the terms at a given value of the wavelength on the right-hand side to the corresponding terms in the Fourier series on the left-hand side. A similar approach will be used to obtain approximate expressions for the strain rate and shear pressure profiles.
B. Strain rate and shear pressure response
The functional expansion of the strain rate about the zero external force is given bẏ
where the set of response functions is
while the superscript n indicates n primes, and all α's can be either x or y. In the further analysis, we will truncate the expansion after the third-order response. The strain rate response functions satisfy certain symmetry properties. When F x (y) = 0, the fluid is in equilibrium and sȯ γ (y) = 0. This is true for any F y (y). So, all contributions toγ that are caused by F y alone are identically equal to zero such that ξ (1)
In Ref. [7] we saw that for large values of the STF strengths, higher-order nonlinear terms are induced in the velocity profile of shearing fluids. This effect is independent of the SLF strength. In the current formalism, these effects are determined by the nonlinear response of the strain rate to the shear-inducing force F x , which is accounted for by the response functions ξ (2) xx , ξ (3) xxx and so on. The symmetry of the entropy production, which is bilinear in the strain rate and the shear pressure, requires that the even contributions from the shearing force F x are equal to zero,
Thus, the next nonzero contribution to the strain rate from F x is of third order in F x . Since our intention is to study systems that are similar to nanofluidic flows with weak flow and strong inhomogeneity, we will only consider terms that are linear in the STF. Neglecting the contributions from terms in the functional expansion that are higher than first order in the STF and higher than second order in the SLF (so that the highest-order term included in the truncated expansion is of third order in the combined STF and SLF), the strain rate profile is given bẏ
All the arguments above are also applicable to the shear pressure. Therefore, we can write that shear pressure profiles are given by
where π
xy , π
xyy are the corresponding response functions for shear pressure. Again, we point out that by expressing both sides of these equations in terms of their Fourier series representations, we can equate the terms corresponding to a given wavelength on both sides to determine the values of the Fourier coefficients of the response functions.
C. Fluid response to single Fourier component external body forces
Consider external body forces that are composed of single sinusoidal harmonics. The general two-component external body force (1) can then be specified as
Here k n = 2nπ/L and k m = 2mπ/L are the wave numbers of the corresponding sinusoidal perturbations, where L is the box size in the y dimension. Note that both wave numbers are determined with respect to the same dimension, as this is the dimension along which all the perturbations vary. In general, the density, strain rate, and shear pressure for a fluid under the influence of the force given by Eq. (12) are given by the following Fourier series [7] :
where ρ p ,γ p , and p are the Fourier amplitudes. The response functions for the density, strain rate, and shear pressure can also be represented by Fourier series as follows. The density response functions are given by cos(k p y) cos(k q y ) sin(k r y ), (15) where the Fourier amplitudes for the response functions have been introduced. Analogous expressions can be written for the shear pressure response functions.
Note that Fourier series (13)- (15) do not contain contributions from certain cos and sin terms. This is due to the coordinate symmetry, which the actual response and the response functions should obey. The simulations confirm that no terms other than those described above are present in the Fourier series.
We wish to determine which Fourier components will be present in the density, strain rate, and shear pressure when we use the combined STF-SLF given by Eq. (12) . Substituting Eqs. (13) and (14) into Eq. (5), we obtain the expression for the Fourier components of the density, 
Here the Kronecker delta symbols δ α,β match each contribution of the response to the appropriate Fourier density coefficient. Equation (16) 
Combining Eqs. (10) and (15) 
Equation (18) n . The next order of response is due to the coupling between the STF and the SLF. We will refer to the lowest-order coupling between the two forces, which is a product F 
The third-order response is also due to coupling between the STF and the SLF. It is represented by the product F x n F y m F y m of a linear contribution from the STF and a quadratic contribution from the SLF. We will refer to these terms as third-order response terms. There are three terms of this order, and they excite the strain rate at the modes n, |n − 2m|, and n + 2m. Note that the terms that appear at the mode n will contribute to the strain rate at the fundamental wavelength, i.e., the same wavelength as the linear-response contribution from the STF. The third-order strain rate response functions are related to the Fourier amplitudes by Likewise, we can combine Eq. (11) with the STF-SLF described by Eq. (12) and the shear pressure Fourier series (13) and show that the Fourier transform of the shear pressure is given by
where the shear pressure response functions are related to the Fourier amplitudes in the same way as the strain rate response functions. The response functions on the left-hand sides of Eqs. (20), (19), and (17) are computed in molecular-dynamics simulations, while the quantities on the right-hand sides of these equations are the coefficients of the Fourier series expansions of the response functions.
III. SIMULATION DETAILS
All of the numerical results presented in this article are generated using molecular-dynamics (MD) computer simulation methods. The equations of motion for a single-component atomic fluid under the influence of the external body force given in Eq. (12) are given bẏ
These equations of motion are similar to those described by Dalton et al. [7] . The STF and SLF are included as additional terms in the momentum equation of motion. F i is the force due to interatomic potentials. For all simulations we use the Weeks, Chandler, and Andersen (WCA) potential, which is a purely repulsive, short-ranged potential obtained by truncating and shifting the Lennard-Jones (LJ) potential. For the WCA potential, we write
where is the LJ potential well depth and σ is the interatomic separation at the zero of the LJ potential.
The last term in Eq. (22) is the thermostat. We follow Baranyai et al. [11] and use Nosé-Hoover integral feedback to control the kinetic temperature, where α 0 is the feedback multiplier calculated by solvingα 0 = (T − T 0 )/ζ at each time step [13] [14] [15] . T is the instantaneous zero-wave-vector kinetic temperature, and T 0 is the target value for the temperature. ζ is the feedback strength constant, which can be used to vary the rigidity of the feedback restoration.
The thermostat controls only the thermal part of the kinetic energy. This must be separated from the total kinetic energy by removing the streaming component. We do this by evaluating the instantaneous streaming velocity field u x (y)i produced by the STF and subtracting the streaming component of each atom's momentum from its total momentum p i .
To calculate the instantaneous streaming velocity, we again follow Baranyai et al. [11] and solve the following linear system at each time step for the Fourier coefficients of a proposed streaming velocity sine series u x (y) = p u p sin(k p y):
This linear system is determined by minimizing the residual
2 with respect to the Fourier coefficients u p . The time averages of the Fourier coefficients u p are used to determine the steady-state strain rate Fourier coefficients such thatγ p = k p u p . All of the strain rate Fourier coefficients used in calculations of the strain rate response functions in Secs. IV and V are calculated in this way. All of the MD velocity profiles presented in Sec. VI are calculated by Fourier series synthesis with Fourier series coefficients calculated in this way.
The periodic density profiles are calculated using an instantaneous Fourier decomposition of the atomic positions. This method was described in detail in Ref. [2] . Todd and Daivis [16] described the instantaneous Fourier decomposition for a general property using MD simulations with periodic boundary conditions. The density perturbations for a system under STF and SLF will be a cosine series [2, 7] . The instantaneous Fourier coefficient for the pth mode of the cosine series is calculated by
is the volume of the simulation box. All of the Fourier coefficients used to calculate the density response functions in Secs. IV and V are determined using the time averages of the instantaneous coefficients calculated by this equation. All of the MD density profiles in Sec. VI are determined by Fourier synthesis using these time-averaged coefficients.
For the periodic system, the shear pressure profiles are also expressed as Fourier series. The method of calculation for the instantaneous Fourier coefficients of the shear pressure is also described by Todd and Daivis [16] . The calculation is greatly simplified by our choice of interatomic potential Eq (23), which has a cutoff distance much less than half of the simulation box length. Let d ij be the minimum separation vector between atom i and all periodic images of atom j . Furthermore, let (y) be the y-dependent yx component of the pressure tensor, which is represented as a Fourier cosine series. The instantaneous Fourier coefficients of (y) are calculated using
where is the temperature in SI units. The reduced homogeneous density is ρ = 0.685, where ρ = ρ * σ 3 . We choose this state point to be consistent with previous work [7, 17] . For the single-component fluid, all atoms have the same reduced mass m i = 1.0. We use a cubic simulation box where the reduced lengths are
To solve the equations of motion, we use the Gear predictor-corrector algorithm with reduced time step δt = 0.001, where t = t * /mσ 2 . For the Nosé-Hoover integral feedback strength constant, we use ζ = 1 × 10 −3 . Each of the 10 macroscopically identical systems is initialized in a 7 × 7 × 7 fcc crystal state with randomized initial momenta. We allow 5 × 10 4 time steps for the systems to melt to the equilibrium fluid state. We then apply the external fields and allow a further 1 × 10 5 time steps for the systems to reach their steady states. Once each system is in a steady state, we begin to accumulate data for the production runs. Each production run evolves for 2 × 10 6 time steps. We then ensemble-average data accumulated for the 10 macroscopically equivalent systems, which is equivalent to a single production run for 2 × 10 7 time steps.
IV. METHOD OF CALCULATING THE RESPONSE FUNCTIONS
We evaluate the response functions by measuring the perturbations of the density, strain rate, and shear pressure in response to the external fields. To be consistent with their definition, the response functions should be evaluated in the limit of zero-field strength. To achieve this, we perform a series of simulations at different values of the field strengths. The response functions are then evaluated via an extrapolation procedure. In this section, we describe the details of this extrapolation procedure for each of the response functions. In the following section, we present the results that we have obtained using this procedure.
According to Eqs. (16), (18), and (21), the measured response at a given wavelength consists of a sum of terms of different order, determined by the combined powers of the STF and SLF. For small values of the force amplitudes, the magnitude of the higher-order contributions is smaller than the magnitude of the lower-order contributions. This allows us to isolate the linear response and characterize it before studying the second-and then the third-order terms. In addition, the effects of the STF, the SLF, and the combined STF-SLF can be studied separately. Implementing this procedure, we can separate different terms from each other and calculate each of the response functions.
In Eqs. (16), (18), and (21), there exist the following orders of response. (a) The linear response to the STF, which is described by the term proportional to F x n only, and is the result of shear. It is present only in the velocity and the shear pressure profiles, and it represents the simplest response studied elsewhere [3, 8] . (b) The second-order response to the STF, which is described by the term proportional to F x n F x n , and is the result of viscous heating. It is present only in the density profile, and it was studied by us earlier [7] . (c) The response to the SLF, consisting of terms that depend on the longitudinal force only, i.e., It is also present in the velocity and shear pressure profiles only, and it is the next-higher-order coupling effect between the STF and the SLF.
All of the desired response functions given by Eq. (16) are easily isolated. Conducting a series of simulations with the SLF only, we compute the Fourier components of the density response at modes m and 2m to determine the first-and second-order response functions. Then we conduct simulations with only the STF to determine the second-order STF density response function. In both cases, the weak dependence of the response function Fourier coefficients on the amplitude of the SLF is eliminated by conducting zero-field extrapolations, if necessary.
The strain rate and shear pressure response functions are determined by Eqs. (18) and (21) using similar methods. The linear response is determined by applying the STF alone and extrapolating to zero field. However, these equations also show that when both the STF and the SLF are applied, the bilinear contribution at |n − m| can contribute to the fundamental mode of the strain rate and shear pressure, for example when n = 1 and m = 2. In such cases, it is necessary to remove the linear response from the n = 1 component of the strain rate before calculating the bilinear response function. Similar considerations apply when evaluating the third-order terms at |n − 2m| and at n. There will also be other contributions due to terms of higher than third order that have not been included in the truncated expansions. These terms are responsible for the remaining field dependence that is observed, and then removed by the zero-field extrapolation procedure.
Given the above arguments, we can also make the following observation. Even though the response functions should be evaluated in the limit of zero field strength, we will see (e.g., from Figs. 13, 14, and 16) that this can sometimes be avoided. In particular, it appears to be adequate to use sufficiently small but nonzero values of the field strength for evaluating some of the response functions. This is particularly useful, because it saves computation time and reduces the amount of data to be processed. Clearly, this is sufficient for the current purpose, which is to demonstrate a method of calculating and implementing the response functions.
A. Linear velocity and shear pressure response to STF
We begin by considering the response of the fluid to the STF only. The linear strain rate response functions ξ n are calculated using the following zero-field strength extrapolation:
The strain rate coefficients are calculated using the streaming velocity coefficients such thatγ n = k n u n . To perform the zero-field strength extrapolation, we use F n . This implies that there are additional nonlinear contributions to the strain rate at the fundamental wavelength that we have not accounted for in our truncated expansion, and so we must determine the values for the ξ x n coefficients using a zero-field strength extrapolation. We also determine the values for the π x n coefficients using a similar zero-field strength extrapolation, 
In Fig. 3 we show the zero-field extrapolation for χ xx n,n for n = 1. For n = 1, we use all the values of the field strength to find the zero-field extrapolation. For higher values of n, the response is much weaker so that the data with the smallest field strengths have much larger error bars than the higher field values due to the background thermal noise. We discard these values (e.g., for F x n = 0.2 and 0.4 at high n) in the extrapolation to prevent them from biasing the unweighted least-squares fits that are used in the extrapolations. This is discussed again in more detail in the next subsection. 
The components ρ m and ρ 2m of the density Fourier series appear at different orders of response and always correspond to different harmonics. Therefore, they do not interfere with each other and can be evaluated independently.
In Fig. 4 , we show the field strength dependence of the response functions over this range of F y m for m = 10. The zero-field strength extrapolations are calculated with a linear fit. The results for a field strength of F y m = 0.2 have a much larger statistical error than the other points because the small value of the density perturbation that results is comparable with the thermal noise. To prevent the noisy low-field values from biasing the unweighted least-squares fit, the first point was excluded from each fit. We have verified that a weighted fit to the complete data set for each of the examples shown gave results insignificantly different from the unweighted fit to the reduced data set. The numerical values for the axis intercepts for several values of the wave number are presented in Table I .
The extrapolation procedure requires calculation of the density response at several different values of the external field strength. This can be time-consuming, so we wanted to check whether the same result could be obtained in a cheaper way. In particular, we calculated the value of each response coefficient at a single, small but nonzero, value of the external field strength. In contrast to Eq. (29), this can be described as 
062132-8 Fig. 13 with circles, while the plus symbols indicate the corresponding values calculated using Eq. (29). As we can see, they are quite similar, which allows us to calculate the response functions for a larger set of wave numbers in the same amount of time.
We can also estimate the degree of error that would occur in predictions of the density response as a result of using the nonzero field strength response coefficients. As we will see later, the higher-order response coefficients with larger values of the wave number only have a weak effect on predictions of the profiles. This is mostly because they contribute to the higher-order terms only. So the predictions will not be very sensitive to errors in those response coefficients. In contrast, some of the small wave-number response coefficients make a significant contribution and are therefore more important. Therefore, we calculated the low wave-number response coefficients using the more accurate Eq. (29).
D. Velocity and shear pressure response due to bilinear coupling of STF and SLF
From Eq. (18), we find that the bilinear response coefficients are given by
and from Eq. (21) we get
In the remainder of this paper, we will only consider STFs having n = 1. We will investigate the bilinear response functions in a reduced region of k space such that ξ We first consider the dependence of the corresponding expression on the SLF field strength when the STF field strength is fixed. Figure 5 shows the values for ξ Furthermore, we see that the lowest field strength data point has a large error bar and may be unreliable. This is due to the thermal noise, which becomes comparable to the response at low values of the external field. To prevent this data point from biasing the linear unweighted fit used to perform the extrapolation, we have discarded the data point for F y 10 = 1.0. We have verified that the results of a weighted fit to the complete data set gave results insignificantly different from the unweighted fit to the reduced data set.
Next, we consider the dependence of the values of the bilinear response coefficients that have been extrapolated to Table II .
Following the same arguments as in the previous subsection, we can save on computational cost and explore a greater range of m values by calculating the Fourier coefficients of the response function at a single value of the STF field strength. In this case, we choose F x 1 = 0.25. We found that it was not sufficiently accurate to use a single SLF field strength, so computations were performed for a range of SLF field strengths, F y m = 1.0, 2.0, 3.0, 4.0, and 5.0 with m = 1,2, . . . ,15, and the results were extrapolated to zero SLF field strength. Most of the extrapolations were done with linear fits, but it was sometimes necessary to fit the data with a quadratic function. This was more often the case at lower wave numbers. The results are discussed later in Sec. V and shown in Fig. 14 together with the data presented in Table II . We can see that the two methods are in good agreement. This means that the bilinear response Fourier coefficients can be efficiently computed over a wide range of SLF wavelengths to acceptable accuracy by extrapolating to zero SLF at a single value of the STF field strength. Table II .
Finally, we note that there are two special cases that arise for the bilinear response functions. The first is when n = m, in which case the xy terms have n − m = 0. We have not evaluated the xy bilinear response functions for these values of n and m. The second is when |n − m| = n, and in our case since n = 1 this means m = 2. In this case, we must remove the linear response from the Fourier coefficient of the strain rate or shear pressure before evaluating the bilinear response function at this (n,m) wave-number combination instead of using Eqs. (31) and (32) directly. 
Again, we will restrict our attention to the case in which n = 1 for the STF. To evaluate ξ Instead of extrapolating to zero-field strength, we calculate the average of ξ xyy0 1,10,10 over these data points as a reasonable approximation to the zero-field strength value.
In Fig. 8 we plot the extrapolated data as a function of STF field strength for m = 6, 8, 10, 12, and 14. The response function coefficients appear to depend linearly on STF field strength for each m. We calculate the response function coefficient using the axis intercept of a linear fit to the STF dependent data. The values for the axis intercepts are shown in the first column of Table III. We also consider a simplified method for calculating ξ Table III. STF field strengths as shown in Fig. 8 . For each m, we calculate the zero STF field strength extrapolation as we did in Fig. 8 . In Fig. 16 we show the results for ξ Table III for m = 6, 8, 10, 12, and 14. We can see that the two methods are in good agreement.
The procedure to calculate the π xyy0 n,m,m coefficients is identical to the one described above. However, these coefficients appear to be equal to zero. We will discuss this in Sec. V, where we present the results.
We now consider the remaining third-order contributions to the velocity and shear pressure profiles that are represented by ξ Fig. 16 over m = 3,4 , . . . ,20. We also plot the numerical results from Table III. The two methods are in good agreement.
V. RESULTS: THE RESPONSE FUNCTIONS
In this section, we present the results for the response functions calculated using the methods described in Sec. IV. We have calculated the Fourier series coefficients for the response functions as they appear in Eqs. (16), (18), and (21). In Sec. VI we will use these evaluated response function coefficients to predict some simple density, velocity, and TABLE III. Third-order strain rate and shear pressure response coefficients calculated using zero-field-strength linear extrapolation. shear pressure profiles produced using a combination of a single-component STF and single-component SLF. Figure 11 shows three response functions that have been determined using single-component STFs for n = 1,2, . . . , 15 . Figures 11(a) and 11(b) show the Fourier series coefficients for the linear strain rate response ξ n and the linear shear pressure response π n , respectively. At sufficiently low values of the wave vector and small values of the field, the response should be determined by Newton's law of viscosity. In this limit, the density is constant, and the shear pressure response to a single sinusoidal STF is found by integrating the momentum density equation to be (y) = (ρF x 1 /k 1 ) cos(k 1 y). Using Newton's law of viscosity, this gives the strain rate asγ (y) = (ρF x 1 /ηk 1 ) cos(k 1 y), so we expect both the shear pressure and strain rate response functions to diverge as 1/k in the zero-wave-vector limit. We can compare these results to those reported by Hansen et al. [17] by calculating the k-dependent viscosity in the zero strain rate limit such that η n = −π n /ξ n . This is shown in Fig. 11(c) . From our data we find that the longest-wavelength viscosity is η 1 = 0.908. Using the parametrized Lorentzian taken from Hansen et al. for the same state point, we calculate η 1 = 0.912 ± 0.002. This confirms that our results are in agreement with previous work. Figure 12 shows the Fourier series coefficients for the nonlinear, shear-induced density response function χ xx n,n . These density perturbations are discussed in detail in Ref. [7] . We only consider the lowest-order density response to the STF, which, as we can see from Eq. (16) , is quadratic in F x n . The density perturbations due to this order of response have a wavelength that is half as long as the wavelength of the STF field, and so for an STF with wave number k n the density perturbation component will be ρ 2n cos(k 2n y).
The density response functions given here are similar to the density response functions calculated by Dalton et al. [2] . The only difference is that here the formalism is expressed in terms of the force field, whereas in the previous work we used a formalism that is expressed in terms of the potential field. The response to the external body force and the response to the potential, as presented in Ref. [2] , are related by a factor of 1/k. This explains the divergent behavior in the zero k limit, which is not present in the response to the potential. We also consider a different state point from the one investigated previously [2] . Nonlinear shear-induced density response to the STF calculated using the zero-field extrapolation method described in Sec. IV B. Figure 13 shows the first-and second-order density response functions for a single-component SLF. We see a peak in the density response between k = 6 and 7. This corresponds to a wavelength that is of the order of the atomic diameter. At this wavelength, the fluid density is most sensitive to external perturbations. In Fig. 14 Before presenting the response functions, it is interesting to consider the fundamental components of the streaming velocity and shear pressure profiles: u 1 sin(k 1 y) and 1 cos(k 1 y), respectively. In general, they may contain several orders of response. The linear contribution is due to the STF, which drives the flow, and it is independent of SLF strength. The bilinear terms, which are due to the product of a linear STF and a linear SLF, include one contribution at the |n − m| harmonic, which may also contribute to the fundamental harmonic at mode n when |n − m| = n. According to Eqs. (18) and (21), there will also be a third-order contribution to the fundamental harmonic that is linear in the STF and quadratic in the SLF. So unless n and m satisfy |n − m| = n, the bilinear term is absent and the fundamental components of the streaming velocity and shear pressure profiles should be at least quadratic in the SLF.
In Fig. 15 we show one example of the dependence of u 1 and 1 on the SLF field strength for fixed STF field strength. n,m,m , which is quadratic in the SLF. However, the fundamental Fourier shear pressure component does not exhibit any dependence on the SLF. We can conclude that there is no third-order contribution to the shear pressure and therefore π xyy0 n,m,m = 0. We believe that this is probably due to the symmetry of the pressure tensor ( αβ = βα ), which is not shared by the strain rate tensor.
In Fig. 16 we show the results for ξ 
VI. RESULTS: FLOW PROFILE PREDICTIONS
We will now apply the response functions derived and evaluated in the previous sections to predict real-space profiles for density, velocity, and shear pressure using the truncated given by
and when m = 10 we have 
In Fig. 17 we compare the response function Fourier synthesis predictions for these two density profiles with profiles calculated using MD simulations. We use an STF with F Table I .
The y-space profiles are shown in Fig. 17 (a) for m = 6 and Fig. 17(c) for m = 10. The density profiles predicted using the response functions are labeled with symbols that indicate the SLF field strength (see the figure caption for definition). It should be kept in mind that these profiles are Fourier series reconstructions. The profiles represent functions, and so the symbols do not indicate discrete data points but are only used to label the specific curves. For each SLF field strength, we also plot the MD results using an unlabeled, bold curve. The predicted profiles and the simulation results are nearly the same. Slight deviations can be seen in Fig. 17(a) in the regions of the highest density deviations from the zero-wave-vector density for sufficiently high SLF field strength only. We also show the relative residuals for each plot, showing the difference between the prediction and the simulation results, scaled using the zero-wave-vector density ρ 0 = 0.685. For the largest field strength, we get a maximum 2% deviation, while the lower field strengths produce deviations of less than 0.5%.
It is interesting to note the difference in the density profiles for the two different m values, particularly the broad peaks found for m = 6 as opposed to the sharp peaks for m = 10. This difference is due to the sign of the second-order response function, which is negative when m 6 (k 3) but positive when m > 7 (k > 3.5). This is seen in Fig. 13 . This Table III for m = 6, 8, 10, 12, and 14.
behavior was discussed by Dalton et al. [2] , where it was mentioned that the sharper peaks for m = 10 imply that the SLF favors planar packing, whereas the broader peaks for m = 6 are representative of the bulk compression response of the longer-wavelength SLFs.
In Fig. 18 we show a single cycle for the m = 10 density profile for the largest SLF field strength F y 10 = 4.0. The bold curve shows the MD simulation data. With the thin, labeled curves we show the convergence of the response function predictions as we add increasing orders of response. We show results for the linear response only and the linear response plus the second-order response. We see that the linear response alone is insufficient to predict the density profiles. The inclusion of the second-order response greatly improves the predictions. We could include third-order density response, but second order is sufficient for our current purpose.
B. Velocity profiles
From Eq. (18) we find that the velocity profile for a given n and m, up to the third order, is given by For the case in which n = 1 and m = 10, the streaming velocity is given by 
In Fig. 19 we compare predictions of the velocity profile calculated using Eq. (40) with MD simulation results for three different SLF field strengths F y 10 = 0.5, 2.0, and 4.0, keeping the STF field strength fixed at F x 1 = 0.08. Notice that we only show the velocity profiles over half of the simulation box length in the y dimension, and so we only show half of the full cycle of the velocity profile. We also show the relative residuals indicating the error in the prediction, which are scaled using the amplitude of the MD simulation profiles. In Fig. 20 we show the convergence of the series given by Eq. (40) toward the MD velocity profile as we add increasing orders of response. Results are shown for F large contribution to the total velocity profile. Second, we can see that the vast majority of the shorter-wavelength, strong oscillation is due to the bilinear response. This leads us to our third point, that the other two third-order response contributions due to ξ xyy± 1,10,10 are negligible. This is clear when we try to distinguish between the two profiles referred to as the "first-, second-, and third-order fundamental" profile, which only contains the longest-wavelength third-order term, and the "first-, second-, and third-order all" profile, which contains all third-order terms. Clearly the two profiles can be considered equivalent. We can suggest then that to predict the velocity profile resulting from single-component, longwavelength STF and single-component SLF, it is sufficient to consider the strain rate response at linear, bilinear, and third order, while neglecting the ξ xyy± 1,m,m terms. By neglecting these terms, we can avoid the computational difficulty involved in including them.
C. Shear pressure profiles
From Eq. (21) we can write the shear pressure for a given n and m up to third order as Finally, in Fig. 22 we show the convergence of the shear pressure series given by Eq. (42) for increasing orders of response. We see that by using a Fourier series construction just including the linear and bilinear response terms, we can produce excellent agreement with the MD simulation profile. The third-order series is also included, but it provides no significant improvement to the already excellent prediction. From this we conclude that the sum of the linear and bilinear responses is sufficient for predicting the shear pressure profile for single-component, long-wavelength STF and shortwavelength SLF.
VII. CONCLUSIONS
We have introduced a formalism for describing the density, strain rate, and shear pressure responses to external body forces that contain both transverse and longitudinal contributions. We have determined a set of nonlocal response functions using functional expansions of the dependence of density, strain rate, and shear pressure on the body forces. The expansions are performed about the unperturbed fluid, and we obtain a unique response function for each order of response. Using Fourier analysis of the periodic response relationships, we were able to determine the relationships between the Fourier coefficients of the response functions and the Fourier coefficients of the density, strain rate, and shear pressure, for a given pair of single-component STF and single-component SLF. This formalism is useful because it can help us to understand the nonlocal, density-dependent constitutive relation that will be necessary to fully describe the flow of a fluid under nanoconfinement, where the density is known to be strongly inhomogeneous due to interfacial effects. We have shown in previous work [7] that the density and strain rate are not appropriate input functions for investigating a nonlocal, density-dependent constitutive relation for the shear pressure, because they are coupled properties. The external forces are the natural independent input functions for the shearing inhomogeneous systems studied in this paper. Being able to represent the density, velocity (and hence strain rate), and the shear pressure in terms of the external body forces is a valuable step toward the development of a nonlocal, inhomogeneous density-dependent constitutive relation to describe nanofluidic flows.
We found that a functional expansion truncated after the second-order response was generally sufficient to describe the density profiles produced by the combined STF and SLF. By comparing the predictions of the inhomogeneous density profiles produced using the density response functions with the profiles calculated directly from MD simulations, we showed that slight discrepancies were only observed under the most extreme perturbations. We have already shown in previous work [2] that the third-order response excited by the SLF is measurable, and that this response is most sensitive when the SLF has a wavelength comparable to the atomic diameter. However, we conclude that the third-and higherorder contributions usually make a minimal contribution to the overall density profile and can be neglected.
We showed that when we combined a weak singlecomponent STF and a strong single-component SLF, we excited two bilinear response Fourier components in the streaming velocity and shear pressure. We also excited three third-order response Fourier components in the velocity. One of the third-order contributions occurs at the fundamental velocity wavelength, whereas the other two third-order contributions manifest themselves as short wavelength harmonics, which make a negligible contribution to the total velocity profile. The third-order contribution to the fundamental Fourier component of the velocity does, however, provide a significant contribution to the total velocity profile. To predict the velocity profile accurately for a given pair of single-component STF and SLF, we need to account for the linear response, the bilinear response, and the third-order response, although we are free to neglect two of the third-order contributions. Interestingly, we found that we only excite two third-order response Fourier components in the shear pressure. There is no third-order contribution to the shear pressure at the fundamental wavelength. Similar to the third-order strain rate response, we find that the two third-order response terms for the shear pressure make a negligible contribution to the total shear pressure profile. To accurately predict the shear pressure profile due to a combination of a single-component STF and an SLF, it is sufficient to include the linear and bilinear responses.
